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DAY SIX

CLearning & Revision for the Day)

+ Determinants

+ Properties of Determinants Determinants
+ Minors and Cofactors

+ Adjoint of a Matrix

+ Cyclic Determinants

Determinants

+ Area of Triangle by using

+ Inverse of a Matrix

+ Solution of System of Linear
Equations in Two and Three
Variables

Every square matrix A can be associated with a number or an expression which is called its

determinant and it is denoted by det (A) or |A] or A.
o, @, ... @,0 Gy G iy
%]21 o7 @ - Gy Gy Q@
If A= "0 thendet (A)= "
0: : ¢ g : : :
Hlnl anz e azm anl anZ ann
@ bO b
o IfA= then | A =ad -bc
G aptenlal=|?
m b cQ a b c
_ O _
‘IfA—%J q rD,then|A| q T
m v ow[] u vow
r r
=q|! -b? re|P 1 [expanding along R, |
v ow u w u v
=a(qw —-vr) =b (pw -ur) +c(pv —uq)
There are six ways of expanding a determinant of order 3 corresponding to each of three rows
(BR,.R,,R,) and three columns (C,,C,,C,).
NOTE ° Rule to put + or —sign in the expansion of determinant |+ _ 4
of order 3. -+ -
A square matrix A is said to be singular, if | A= + -+

and non-singular, if | A # 0.
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Properties of Determinants

(i) If each element of a row (column) is zero, then A =0.
(i) If two rows (columns) are proportional, then A =0.
(iii) | AT|=| A|, where AT is a transpose of a matrix.
(iv) If any two rows (columns) are interchanged, then A
becomes -A.
(v) If each element of a row (column) of a determinant is
multiplied by a constant k, then the value of the new

determinant is k times the value of the original
determinant

(vi) det (kA) = k" det(A), if A is of order n x n.
(vii) If each element of a row (column) of a determinant is
written as the sum of two or more terms, then the

determinant can be written as the sum of two or more
determinants i.e.

a+ta b c a b ¢ a b ¢
pt+tp g r|=\p g ritip qr
u tu, v w u v ow u v w

(viii) If a scalar multiple of any row (column) is added to
another row (column), then A is unchanged

ab ¢ a b c
ie. |p q r|=|ptka q+kb r +kc| , which is
u v ow u 4 w

obtained by the operation R, — R, + kR,

Product of Determinants

(11 bl C1 a‘l B‘l y'l
If|Al=|a, b, c¢,|and|B|=|a, B, VY, |then
aS bS CS GS BS y3

alc(l + blB] + Clyl a’lal + blBZ + ClyZ
|A| X|B| = alul + bZBl + cZyl alaZ + bZBZ + CZVZ
aﬁal + bSBl + CBVl a’SGZ + bSBZ + CSVZ
aia'i +blB3 +Cly'3
a3a3 +bSBB +Cay3
[multiplying row by row]
We can multiply rows by columns or columns by rows or
columns by columns
NOTE ° |AB|=|A| 18] =|BA| =|A'B| 448"| 44'B|
o |A" =|A",nOZ"

Cyclic Determinants

In a cyclic determinant, the elements of row (or column) are
arranged in a systematic order and the value of a determinant
is also in systematic order.

1 x X
M1y yV=x-nyr-9E-%
1 z 7Z
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1 x 3

X
i |1y ¥V|=x-0Nr-2@Ez-xx+y +2)

1 z 2

1 x X
(i) |1 y* ¥ |=(x -3 -2 (z -x)(xy +yz +2x)

1 72 7

a b c
(iv) |b ¢ al|=-(a+b +c)(a* +b* +c* —ab —bc —ca)

a b s
=—(d +b® +c¢® -3abc)

a bc abc| |a & d&

(v) |b ca abc|=|b b* b*|=abc(a-b)b —c)c -a)

3

ab abc| |c ¢ ¢
Area of Triangle by
using Determinants
If A(x,,y,),B(x,,¥,) and C(x,, y,) are vertices of AABC, then

Jon
Area of AABC = HIEERE 1
XS .VB 1

=% HX1(.VZ AR 1A ARS 414 _.VZ]”

X N

1
If these three points are collinear, then |x, y, 1|=0
1

and vice-versa. X; V3

Minors and Cofactors

The minor M; of the element g, is the determinant
obtained by deleting the ith row and jth column of A.

all alZ alS

If A=la, a, a,)
a31 aaz a33
a, a a, a

then M, =| # ®| M, =] "% etc.
aSZ aSS a31 aSS

The cofactor C; of the element a; is (=1)' *'M,.

all alZ alS

a, a
— —_ 22 23
If A=|a, a, a,|thenC, =

aZ 1 aZ 3

aS 3

,C, =~ etc.

a32 033 aS 1

aS 1 aS 2 aS 3

The sum of product of the elements of any row (or column)
with their corresponding cofactors is equal to the value of
determinant.

i'e' A:all Cll + alZ ClZ +al'3 ClS

:(121 CZl + aZZ C22 + 023 C23

:a31 CSl + 032 CSZ +a$3 C33
But if elements of a row (or column) are multiplied with
cofactors of any other row (or column), then their sum is zero.
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Adjoint of a Matrix
If A =[ J , then adjoint of A, denoted by adj (A), is defined

as[C,]},, » where C; is the cofactor of a;.

@, a, a;0 €. ¢, G, DT
IfA= %]z @Gy Gy Dthen adj (A) = s G Gy E
@ G G0 € G, GO

NOTE . fa= thhen adj (A) = od  ~bg

B df Hc af
Properties of Adjoint of a Matrix

Let A be a square matrix of order n, then
(i) (adj A)A=A (adj A)=| A| U,

(ii) [adj A| =] A|" ', if| A| 20
(iii) adj (AB) = (adj B) (adj A)
(adj A)"

)

)
(iv) adj(A") =
(v) adj(adj A) =| A|""* A, if| A| 20
(vi) |adj(adj A)| =] A["", if| A|#0
Inverse of a Matrix

Let A be any non-singular (i.e.| A|#0) square matrix, then
inverse of A can be obtained by following two ways.

1. Using determinants

AT :—ad][ )

In this,
[ Al

2. Using Elementary operations

In this, first write A =IA (for applying row operations) or
A = Al (for applying column operations) and then reduce A of
LHS to I, by applying elementary operations simultaneously
on A of LHS and I of RHS. If it reduces to I =PA or I = AP,
thenP=A"".

Properties of Inverse of a Matrix

(i) A square matrix is invertible if and only if it is
non-singular.

(i) If A =diag (A, A, ),
then A™ =diag(A\JLA5,...,
A, 200, 1,2.. n

A7H provided

Solution of System of Linear
Equations in Two and Three
Variables
Let system of linear equations in three variables be
ax+by+cz=d,ax+b,y+c,z=d,
and a,x+b,y +c,z =d,.
Now, we have two methods to solve these equations.

1. Matrix Method

In this method we first write the above system of equations in
matrix form as shown below.

Oo, b, ¢ O0xO @O

b b o oA

m, by, ¢ o0 MO

0o, b, ¢ O x0 @ 0

_ O _O o
Where,A—ng b, ¢ g X = %/SandB—%iZD

m, b, csm 0 @, O

Case I When system of equations is non-homogeneous
(i.e. when B # 0).

e If| A #0, then the system of equations is consistent and has
a unique solution given by X = A™'B.

e If| A|=0and (adj A), B 20, then the system of equations is
inconsistent and has no solution.

e If| A|=0and (adj A) (B = O, then the system of equations
may be either consistent or inconsistent according as the
system have infinitely many solutions or no solution.

Case II When system of equations is homogeneous
(i.e. when B =0).
e If| A #0, then system of equations has only trivial solution,
namely x =0,y =0and z =0.
e If| A|=0, then system of equations has non-trivial solution,
which will be infinite in numbers.

2. Cramer’s Rule Method

In this method we first determine

al bl Cl dl bl Cl
D=|a, b, ¢|, D =|d, b, ¢
a3 bS CS d3 b3 CS
al dl Cl al bl dl
D, =|a, d, c,JandD, =|a, b, d,
a, d, c, a, b, d,

Case I When system of equations is non-homogeneous

e If D #0, then it is consistent with unique solution given by
— Dl — DZ —_ ‘DS
X=—,y=—,z=—.
D D D
e If D =0 and atleast one of D,, D, and D, is non-zero, then it
is inconsistent (no solution).
e If D=D, =D, =D, =0, then it may be consistent or
inconsistent according as the system have infinitely many
solutions or no solution.

Case II When system of equations is homogeneous

e If D #0,then x = y =z =0 is the only solution, i.e. the
trivial solution.

e If D =0, then it has infinitely many solutions.

Above methods can be used, in a similar way, for the solution
of system of linear equations in two variables.
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(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1fx=cy+bz y=az +cxand z =bx +ay, where x, y
and z are not all zero, then a® + b? + ¢? is equal to
(a) 1+ 2abc (b) 1-2abc
(c) 1+ abc (d) abc -1
2 Consider the set A of all determinants of order 3 with
entries 0 or 1 only. Let B be the subset of A consisting of
all determinants with value 1 and C be the subset of A
consisting of all determinants with value —1. Then,

(a) Cis empty
(b) B and C have the same number of elements
(c)A=BOC
(d) B has twice as many elements as C
1 log, y log, z
3 If x,y and z are positive, then|log, x 1 log, z |is
log, x log, ¥y 1
equal to
(a) 0 (b) 1 (c) -1 (d) None of these
4 If a, band c are cube roots of unity, then
ea eZa eBa -1
e” e?® &% -1|isequalto
ec eZC eac -1
(@) 0 (b) e (c) € (d) €’
5 If px* +gx® +rx® +sx +t
x2+3x x-1 x+3
= x+1 -2x x —4|,where p,q,r,s
x-3 x+4 3x

b

and t are constants, then t is equal to
(a) 0 (b) 1 (c)2 (d) -1
1 X X +1
6 Iff(x)= 2X x(x =1) (x +1)x
3x(x=1) x(x =1)(x -2) (x +1)x(x-1)
then f(50) is equal to

(@ o0 (b) 50 (c) 1 (d) =50
7 Ifa,B and yare the roots of the equation x® + px +q =0,
a By
then the value of the determinant| gy afis
y a B
(@) 0 (b) -2 (c) 2 (d) 4
8 If wis a cube root of unity, then a root of the following
X-w- w &)
() X - -1 1 =0is
w’ 1 X =1-0
(a) x=0 (b) x=-1
(c) x=w (d) None of these

9 If wis an imaginary cube root of unity, then the value of
a b aw
bw ¢ buflis

o aw ¢

(a) & + b* +c® —3abc (b) a°b - b’c
(c) O (d) & + b® +¢°
x—-4 2x 2x
10 If| 2x x-4 2x |=(A+Bx)(x —A) thenthe
2X 2X  X-—-4

ordered pair (A, B)is equal to = JEE Mains 2018

(a) (-4,-5) (b) (-4,3)
(c) (-4.5) (d) (4.5)

11 If x, y, z are non-zero real numbers and
1+ x 1 1

1+y 1+2y 1 =0,
1+z 1+z 1+3z
then x™" + y™ + z 7" is equal to
(a)0 (b) -1
(c)-3 (d) -6
b+c c+a a+b a b c
12 Iflc+a a+b b+c|=k|b c al thenkisequalto

a+b b+c c+a c a b

(@) 0 (b) 1 (c) 2 (d) 3
13 Leta,band ¢ be such that (b+c¢) #0. If

a a+1 a- a+1 b +1 c -1

-b b+1 b-1| + a-1 b -1 c+1 [=0,
c c-1 c+1 (-1"*2a (-1)""'b (-1)c
then the value of n is
(a) zero (b) an even integer
(c) an odd integer (d) an integer
14 If one of the roots of the equation
7 6 x?-13
2 x?-13 2
x? =13 3 7

=0 is x =2, then sum of all

other five roots is

(a)-2 ()0
(c) 245 (d) 15
15 If a, band c are sides of a scalene triangle, then the value
a b c

offb ¢ alis

c ab - JEE Mains 2013

(b) negative
(d) non-positive

(a) non-negative
(c) positive
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16 If the system of linear equations
X+ky+3z=038x+ky -2z =0
and 2x+4y -3z =0

has a non-zero solution (x, y, z), then X—i is equal to
y

= JEE Mains 2018
(a) =10 (b) 10
(c) =30 (d)30
17 1t A=[a],,and a; = (i* + % =ij)(j =i),nis odd, then
which of the following is not the value of tr (A).
(a)0 (b)|A|
(c) 21A] (d) None of these

18 If the coordinates of the vertices of an equilateral triangle
with sides of length a are (x;, y,),(X,,y,)and (x,, v ),
2

X,y 1
then|x, y, 1| is equalto
Xs Yy 1 = NCERT Exemplar
a’ 3a° 5a* 3a*
a) — b c d
(a) 4 (b) 4 (c) 4 (d) 4

19 The points A(a,b + c),B(b,c +a)and C(c,a + b) are
(a) vertices of an isoscele triangle
(b) vertices of an equilateral triangle
(c) collinear
(d) None of the above

20 IfA ,B,C\......... are respectively the co-factors of the
elements x,,y,, z,,.... of the determinant

2 CZ
A=|x, y, Z, then equals to
X3 V3 Z3 ’ ’
(a) x,A (b) x,x,
(c) (x, + y,)A (d) None of these
2 -3
21 1fA="2 5 then adj (3A% +12A)is equal to
H4 1H = JEE Mains 2017
072 -84g 1 63
a b
()H-BS 51 H ()@4 728
H1 84p 072  -63[
c d
©) s 728 D5 e 518

22 \Which of the following is/are incorrect?
(i) Adjoint of a symmetric matrix is symmetric
(ii) Adjoint of a unit matrix is a unit matrix
(iii) A(adj A)=(adj A) 3 All
(iv) Adjoint of a diagonal matrix is a diagonal matrix .
(a) (i) (b) (i)
(c)

c) (iii) and (iv) (d) None of these
O o 30
23 IfP= Eﬁ 3 3gis the adjoint of a 3 x 3 matrix A and
2 4 4p

| Al=4,thena is equal to = JEE Mains 2013

-b
24 11A=22 "0 A agj A= AAT, then 5a + bis equal
Hs 2 f
to = JEE Mains 2016
(a) - 1 (b) 5 (c) 4 (d) 13

@ b co 09 -b yno

25 IfA= %( y Z%B = B—p a —Xgand if Ais invertible,

P g ro
then which of the following is not true?
(a)|A|=-B|and|adjAl# adjB|
(b)]A|= -|B|and|adjA|=|adj B
(c) Ais invertible iff B is invertible
(b) None of the above

26 If Aan 3 x 3 non-singular matrix such that AA' = A" A and
B=A"A" then BB is equal to = JEE Mains 2014

ar —-C Z[

(@) I+B (b) 1 (c) B™ (d) 8"
1 —tan® 1 tan0[7' -b
27 I s H= P hen
Hane 1 HH—tane 1 H a) a%
(@a=1b=1
(b)a =sin26, b =cos26
(c)a=co0s20,b =sin20
(d) None of the above
o 0 0O
28 IfA= % 1 Ogand u, , u, are column matrices such
B 2 10
ao 1)n|
that Au, = g)gand Au, = % gthen u, + u, is equal to
00 00
oo oo oo 0o
(a) 040 (b) 040 (c) 40 (d) 40
0.0 0.0 0. .o 0.0
00g o0 00 o0

29 The number of values of k, for which the system of
equations (k +1)x + 8y =4k
and kx +(k +3)y =3k —1has no solution, is
(a) infinite (b) 1 = JEE Mains 2013
(c)2 (d)3
30 The system of equations
ax+y+z=a -1, x+ay+z=a-1
and x+y+oz =a -1
has no solution, ifa is
(a) 1 (b) not-2
(c) either -2 or 1 (d) -2
= JEE Mains 2013
X, +2x, +3x, =6, X, + 3x, +5x, =9
2x, + 5x, +ax, =b
is consistent and has infinite number of solutions, then

31 If the system of linear equations

(a) a =8, bcan be any real number
(b) b =15, acan be any real number
(c) aOR- {8}and bR~ {15}
(d)a=8b=15
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32 |If the trivial solution is the only solution of the system of
equations
X—ky+z=0, kx + 3y —kz =0
and 3x+y-z=0
Then, the set of all values of k is
(@{2,-3} (OFR-{2,-3} ()R-{2} (d)R-{-3}
33 Let A, otherthan/or =/, be a 2 x 2 real matrix such that
A? =], | being the unit matrix. Let tr (A) be the sum of
diagonal elements of A. = JEE Mains 2013
Statement | tr(A)=0
Statement Il det(A) = -1
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true

34 The set of all values of A for which the system of linear
equations 2x, —2x, + x; =Ax;, 2x; —=3X, +2x, = Ax, and
- X, + 2X, = AX; has a non-trivial solution.

(a) is an empty set = JEE Mains 2015
(b) is a singleton set

(c) contains two elements

(d) contains more than two elements

35 Statement | Determinant of a skew-symmetric matrix of
order 3 is zero.
Statement Il For any matrix A, det(A")=det(A) and
det(-A) = —det(A).
Where, det(A) denotes the determinant of matrix A.
Then, = JEE Mains 2013

(a) Statement | is true and Statement Il is false
(b) Both statements are true
(c) Both statements are false
(d) Statement | is false and Statement Il is true

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 Ifa®+b% +c? ==2and
1+a’x  (1+b%)x (1+c%)x
fix)=(1+a’)x 1+b°x (1+c?)x|,
(1+a%)x (1+b*)x 1+c’x

then f(x) is a polynomial of degree.

(a)2 (b)3 (©)0 (d) 1
2 If Ais a square matrix of order 3 such that| A|= 2, then
[(adjA™) | is
(a)1 (b) 2 (c) 4 (d)8

3 The equations (k =1)x +(3k +1)y +2kz =0,
(k=1)x +(4k =2)y +(k +3)z =0
and 2x +(3k +1)y +3(k -1)z =0
gives non-trivial solution for some values of k, then the
ratio x: y: z when k has the smallest of these values.
(a) 3:2:1 (b) 3:3:2 (c)1:3:1 (d) 1:1:1
4 If x=1+2+4 +. . uptok terms, y =1+ 3 +9+.... upto k
terms and ¢ =1+ 5 +25+... upto k terms. Then,

X 2y 4z
A=|3 3 3|equalsto
2k 3k Bk
(a) (20" (b) 5" ()0 (d) 2% + 3K +5%
1+2x 1 1-x
5 Product of roots of equation| 2-x 2+x 3+x[=0
x 1+x 1-x2
1 3 4 1
a) — b) = c) = d) -
( )2 ( )4 ( )3 ( )4
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6 Ifthe equationsa(y+z)=x,b(z+x) =y, c(x+y)=z

have non-trivial solution, then + + is equal
1+a 1+b 1+c
to
(a) 1 (b)2 (c)-1 (d)-2

7 Leta,band c be positive real numbers. The following
system of equations in x, y and z.

2 2 2 2 2 2 2 2 2

X z X z X z
7*%‘7=1v7_y7+7=1a”d‘7+y7+7=1
a b® ¢ a b c a b c
has

(a) no solution (b) unique solution
(c) infinitely many solutions  (d) finitely many solutions

8 If Sis the set of distinct values of b for which the following
system of linear equations
X+y+z=1 x+ay+z=1and ax +by +z =0
has no solution, then S is = JEE Mains 2017
(a) an infinite set
(b) a finite set containing two or more elements
(c) singleton set
(d) a empty set
9 If M is a 3 x3 matrix, where M"M =/ and

det(M) = 1, then the value of det (M =) is
(a) -1 (b) 1
(c)0 (d) None of these
10 Ifa,a,,...,a,,...are in GP, then the determinant
lOg an |Og an +1 IOg an +2
A=l|loga,,, loga,., loga,,.;|isequalto
|Ogan+6 |Ogan+7 Iogan +8
(a) 2 (b) 4 (c) 0 (d) 1
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11 Let A be a square matrix of order 2 with | A|# 0 such that 14 Area of triangle whose vertices are (a,a°),(b,b?),(c,c?)is
|A+|Aladj(A)| =0, then the value of | A-| Aladj(A)| is

1, and the area of triangle whose vertices are
(a) 1 (b) 2 2

(c)3 (d) 4 (p,p%).(g,g%) and(r,r?)is 4, then the value of
12 LetPand Q be 3 x 3matrices P # Q. If2P3 :ZQf’ and (1+ap)? (1+bp) (1+cpy
P*Q = Q°P, then the determinant of (P* + Q%) is p B .
Y bY 1 (1+aq)” (1+bg) (1+cq) |is
e ol (+ary (+bry (+cry
3 1+f(1) 1+£(2) (a) 2 (b) 4 (c) 8 (d) 16
13 fa,pz0,f(n)=a” +B"and| 1+ f(1) 1+£(2) 1+£3) Im n
1+ £(2) 1+£(3) 1+f(4) 15 LetdetA=|p g rl|andif(/I-m)* +(p-q)* =9,
=K1 -a) (1-B) (a —B)?, then K is equal to T
=+ JEE Mains 2014 (m=-n)®+(q -r)® =16, (n =1 +(r —p)* =25, then the
2
(a) aB (b) 1 ©) 1 (d) -1 value of (det A)” equals to
ap (a) 36 (b) 100 (c) 144 (b) 169
1 (b) 2 (b) 3 () 4 (a) 5 (a) 6 (a) 7 (@ 8 (a) 9( 10 ()
11 (o) 12 (o) 13 (0) 14 (a) 150)  16((b) 17  18(d) = 19 (0 20 (a)
21 ()  22(d) 23() 24() 25() 26 () 27 (0 28 (d) 29(d) 30 (d)
31(d | 32() 33() 34 () 35 (a)
1 () 2 (o) 3 (d) 4 (0 5 (a) 6 (b) 7 (d) 8 (o) 9 10 (0
1Md 12 (0 13 (o) 14 (d) 15 (0
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Hints and Explanations

SESSION 1 1 e e*| |1 e* e* -a b aw
1 Given equation can be rewritteen as =1 e’ e -1 e’ e” =wwj-b ¢ b
x-cy -bz =0 1 e° e* 1 e° e* -c a cw
cx-y+az=0 =0 [-a+b+c=00 "% =1] ab a
- = = -’ =
bx+ay-z=0 5 Put x = 0in the given equation, we get @b ¢ b =0
Since, x,y and z are not all zero c a c
O The above system have non-trivial 0 -1 3
solution t=|1 0 -4/=-12+12=0 x-4 2x  2xO
’ 10 Given, U2x x-4 2x0
1 - -b -3 4 0 i ) %
X X  xX-
g ¢ -1 a|=0 6 On taking common factors x from 5 _ )
b a -1 C,,(x + 1)from C, and (x - 1) from =(A+ Bx)(x - A)
R,, we get On applyingC, - C, + C, + C,, we get
011 -d)+c(— —ab) —b(ac +b) =0 1 1 1 O5x -4 2x 2% [
2 2 -
0 l—azz—cz—abc—abc -b* =0 f=x(2 -1)|2x x-1 x Osx-4 x-4 ZXS
0 a +b* +c¢* =1 -2abc 3x x-2 x 05x -4 2x  x-4
2 Ifwe in.terchiange any twc') rows of a 1 0 0 = (A + Bx)(x - A}
determinant in the set B, its value _ On taking common (5x — 4)from C, , we
becomes -1 and hence it is in C. =x(xd-1j2x -(x+1) 1 A 8 1
Likewise, for every determinant in C, 3x —-2(x+1) 2 ge
there is corresponding determinant in B. T. . C -C.0 o 2x 2x O
So, B and C have the same number of =0 3 3 . Gx-4t x-4 2x 0
elements. B:Z -GG H Bl 2% x - 45
O 50)=0 ,
1 log, v log,z 7(50) = (A + Bx)(x - A}
3 LetA=|log,x 1 log,z 7 Clearly,a +B +y =0 On applying R, - R, - R
2 2 1
log, x log,y 1 On applyingC, - C, + C, + C, in the and R, - R, - R,, we get
logx logy logz given determinant, we get ) o 9x 2x [
logx logx logx arBry By 0 (5x 4E0—X- 4 o O
_|logx logy logz HAsjarBry v o o 0 -x-4
logy logy logy a+B+y o B '
logx logy logz 0B vy = (A + Bx)(x - AY
logz logz logz =0 y al=o0 On expanding along C,, we get
- o - 2
By taking common factors from the 0a B (5x = d)(x + 4F =(A + Bq)(x —4)
rows, we get On comparing, we get
A 1 8 On applyingC, - C, + C, + C,, we get A=-4andB=5
log xog y [log z X W of 1+x 1 1
logx logy logz X x+@ 1 =0 11 LetA=f1+y 1+2y 1 |=0
logx logy logz x 1 o xtroe 147 142 1+32

logx logy logz 1+ =0 On applying C Cc, -C
1 7 M 3

[
Now, by taking common factor from the 1 @ of andC, - C, -C, , we get
111 O x|l x+o 1 |=0 N : 1
columns, weget|1 1 1|=0 1 1 X+ W
A=|y 2y 1
111
O x=0 -2z -2z 1+3z
a 2a 3a a 2a
e ¢ ¢ e’ e 1 al+w b aw o dine alone R
A Leth=le" e o*|—|e® &* 1 n expanding along R, , we get
9 A=|bw+ ) ¢ b _
e¢ e¥ g% e e 1 A = x[2y(1 + 3z) +2z]
clw+1) aw ¢
=B’ [@° +1[-2yz + 4yz] =0
p , ['.'C - C, + C] 0O 2[ —
a 2a a 2a 1 1 3 xv +3xvz + xz] +2yz =0
Le ¢ e 1 e -aw bW aw
1 e e*|+]e’ 1 ¥ I 0 xy+yz+zx+3xyz =0
1 e e* e’ 1 e* o aw  c o 1,1,1_4
X y z
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b+c¢c ¢c+a
12 letA=|c+a a+b
a+b b+c

2(a+b +c¢)
=|2(a+b +c¢)
2(a+b +c¢)

a+b
b +c
c +a
c+a a+b
a+b b +c
b+c ¢ +a

[usingC, - C, +C, +C,]
at+b+c c+a a+b
=2la+b+c¢c a+b b +c
atb+c b+c ¢ +a
[taking common 2 from C, ]
a+b+c¢c -b -c
=2la+b+c¢ -¢ -a
a+b+c¢c -a -b

[usingC, - C,-C,,C, - C, -C,]
ab c
=2b ¢ a
c ab
[using C, - C, +C, +C,]
On comparing, k = 2
a atl1l a-1
13|-b b+1 b -1|+ (-1)
c ¢c-1 c+1
a+1 b+1 ¢ -1
a-1 b-1 ¢ +1
a -b c
a at+1 a-1
-b b+1 b-1
c ¢c—-1 c+1

at+1l a-1 a
+(-1)"/b+1 b-1 b
c—-1 ¢c+1 ¢

et an el4'1= 1Al
=|-b b+1 b -1
c ¢c—-1 c+1
a+1l a a-1
+(-1"""b+1 -b b-1
c—-1 ¢ c+1

a a+1 a-1
=1+ (-1)"*]|-b b+1 b -1

c ¢c-1 ¢c+1
This is equal to zero only, if n + 2is an
oddi.e. nis an odd integer.
7 6 X -13
14| 2 X -13 2 |=0
x =13 3 7

On applying R, - R, + R, + R,, we get
X¥-4 xX-4 xX-4

2 X -13 2 |=0
X -13 3 7
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15

16

17

1 1 1
0K -4) 2 X -13 2/=0
X -13 3 7

Now, on applyingC, - C, -C,

andC, - C, -C,, we get
1 0 0

(x¥*-4) 2 X -15 0 |=0
X -13 16-x 20-X
On expanding along R, , we get
(x* - 4)(x* —=15)(x* =20) =0
Thus, other five roots are
-2,+ 415, £ 25

Hence, sum of other five roots is -2.
ab c

LetA=|b ¢ a
c ab

=albc -a)-b(* - ac) +c(ab —c?)

=abc -d -b’ +abc +abc -c’

=-(d +b* +¢* -3 abc)

=—-(a+b +c)(d +b*

1 +c¢* —ab —-bc —ca)

= _E(a +b +c¢)
{la=b)y + b -c)* +c —a)*}

< 0,wherea #b #c

We have,

x+ ky +3z =0;3x + ky -2z =0;

2x+ 4y -3z =0

System of equation has non-zero

solution, if

01 k30
U3 k -d=o0
O 0
02 4 —§

O (-3k+8)—k(-9+4)+3(12 -2k) =0
O - 3k 8 9k 4k 36- 6k= 0
O- 4k 44 00 k=11

Let z = A, then we get

X+ 11y +3X =0 ...(4)
3x+ 11y —2A =0 ...(ii)
and 2x+ 4y =32 =0 ... (i)
On solving Egs. (i) and (ii), we get
x = & V= ;)\ Z=A\
5 )
2
O E:L’:lo
2 )\ 2
B
2
We have,
a;=(i* + j* —ij)(j —1)
d a; ="+ =ij)i =)

= _(jz + jz —-ij)(j -i)= —ay
0 Ais askew-symmetric matrix of

odd order.
O tr(A)=0and|A|=0

18 If (x,.y,).(%,,v,) and (x,,y,) are the

vertices of a triangle, then Area
1 Xy, 1

=2 ¥ 1 (@)
X3 YB l

Also, we know that, if a is the length of
an equilateral triangle, then

B

Area = e ...(ii)
From Egs. (i) and (ii), we get
Xl .Y1 l
X3 y3 l
x y, 1
\/g 1
0 7az =lx, y, 1
XH .YH 1

On squaring both sides, we get
2

3 Xl yl 1
104 = XZ .VZ 1
X’S .VB 1

19 Clearly, area of

a b+c 1
1
(MABC)=Z1b ¢ +a 1
c a+b 1
al1
1
=—(a+b +c)|b 1 1/=0
2
c 11
[-C, - C, +C]
X
20 Clearly, B, =|"' | =x,2, - x,2,
X, Z,
X ¥y
C, =+ ! ! =Xy ~xV,)
X, Vs
X Z
B, = - ' "= x 2z, -x,2)
X, 2
X
and G, = v =XV, TX
X, 2
0 B, C,
B, C,
- | %4 T X% (¥, — v, %)
—(x,z, _XzZ1) X1V, T X%V,
- X124 XV
X Z, Y X7, X\ Y, TX%),
+ X327 V1%,
Xz, Y X2, XYV, XY,
— | %% _X1Y3+X1Z3 XV,
Xz, XV, X2 TX%)
+_X3Z1 VX, + X2 VX
Xz, XY, X2z TXY,

= Xf(ZS.VZ =2,V,) = X %(2,Y, ~2,Y5)
-X,%(2,¥, ~2,y,)*%x(2,y, —2,y,)
= x,[x, (25, = 2,Y,) ~ X%,(2,y, —2,5)

+x,(2,y, ~2,¥,)]
=x, A

1
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2 -3
21 Wehave, A = - -
F4 1H
0 A’=A[A
02z -3002 -3Q0
Ha4 1HH4 1H
_4+12 -6-30_016 -90
"Hes-4 12+1H H12 13H
16 -9
Now, 34% + 124 =31 d
H12 135
-30
+ 12
%4 1
_048 -270, 024 - 360
H 36 395 Has 12 H
_g72 - 630
Hss s51H
, 1 63
Dadj(3A* + 124) = 21 030
" s 72H
22 All the given statements are true.
o o 30
. S 0
23 leen,ad]A—P—E{ 3 3D
2 4 40
Find the determinant of P and apply the
formula
[adjA[=]| A"
-b
24 Given, A= 2% "7
B 2f

and A adj A = AA”
Clearly, A(adj A) = ‘ A ‘ I,

[ if A is square matrix of order n, then
AladjA) = (adj A)[A =
5a —-b
3 2

2

= (10a + 3b) I,
=(10a + 3b) O oo
'B 1B

_00a+3b 0 0
H o 10a + 3bH
r_[ba —bOmsa 30
and AA _H3 ZHB'b ZH

_[25d" +b* 15a -2b0 (if)
Hisa - 2b 13 H
AladjA) = AA”
10a + 3b 0 0
g
H o 10a + 3bH
_ [5a" +b* 15a -2b0
Hisa - 2b 13 H
[using Eqgs. (i) and (ii)]
O 15a -2b =0

()

O a=2 ...(ii)
15
and 10a+ 3b =13 .. (iv)

On substituting the value of ‘@ from Eq.
(iii) in Eq. (iv), we get
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25

26

27

10 ﬁ%@+ 3b =13

0 20b+45b:13
15
0 8% _y3gp=3
15

Now, substituting the value ofb in Eq.
(iii), we get 5a = 2
Hence, 5a+b =2+3 =5

q by

Clearly, |B|=|-p a -x
r -c z
qg by
=-p -a x
r —c z
(taken (1) common from R,)
q by
=(#)|p a x
r c z

(taken (-1) common from C,)
p a x
=g by
r c z

( Rl i Rz)

Il
I
=

~ Qs

cC Zz

(+C, » C,and thenC, ~ C,)
-|AT|= - A]

Thus, |A|= -|B|

Hence, | A| # 0iff |B|# 0

[0 A is invertible iff B is invertible
Also, ladj A|=|A|* =|B|* = |adj B|

Given, A is non-singular matrix
0 |AJ# 0.
Also we have, AA” = ATA and
B=A"A"
Now, BB' = (A7 AT) (AT AT

-1

=ATAT AT [(A") = A]
= ATAAT (A7) AAT = ATA|
:MT (A—l)T:AT (A—I]T
=(ATA) [+ (AB) =B"A]
=I1"=1
We have, .
01 —tanbgQ 1 tanbQ
Bane 1 E H—tanﬁ 1 H
_m -bQ
B «H
D 1 —tan@Q
Bane 1 H1+ tan’e
01 -tan®Q_ @ -bQ
HanB 1 H_ E) a H
1 0 - tan’® -2tan6 O
1+ tan® 0 H 2tan® 1—tanZeE

28

29

_m -bOo

b af
(M - tan’® -2tanB [
Ell+tan9 1+tan9DI]1—bD
0 2 tan® l—tanS[] B) aH
Hi + tan’0 1+ tan’6[

@0326 -sin2860_ m -bQ
%mze COSZGH @7 aE

0 a=cos20 andb = sin 20

On adding Au, and Au,, we get
oo o o+ 0g

R

@E BE @+ 08
%D

Since, A is non-singular matrix, i.e.
|A'| # 0, on multiplying both sides by

0O Al +u,)

A", we get
A Ay, +u,)= A" %{D
a o OD
Ou +u, = % 1 515 ()
B 2 1@
100
Now, |A|=]2 1 O
32 1
=1(1-0)-0+0 =1
0 adjof A
0 -2 10 gt o0 og
= _o0- [L O
S) 1 -23=H2 1 of
B 0 15 g1 -2 1§
01 0 0O
-1 - [ O .. -
DA"=F2 1 0f []A]|=1]
81 -2 15
From Eq. (i),
01 0 0o OO
u +u, = %2 1 ogx S{B
g1 -2 18 BB

01 +0+00 010

= [ 0- 040
Ou +u, 2+1+0D D1D

El -2 +03 518

Given equations can be written in
matrix form as AX = B
k+1 8 0O, _ X0
where, A = =
Hxk k+sf” BA
and B = &k d
Bk-14
For no solution, |A |[= 0
and (adj A)B # 0
@) www.studentbro.in



30

Now, |A|=

k+1 8 |_
k k+3

(k+1)(k+3)-8k =0
K+4k+3-8k =0
kK -4k+3=0
(k-1)(k-3)=0
k=1k=3
Also,ade=d<+3 80
H—k k+IH

Ddjayp=5*3 802k O

H-x k+1HB k-1H

_ [k +3)(4k)-8((3k —-1)O

H-ak* + (k +1) 3k -1)H

O o oo o

_ [k -12k + 80
0

“H-k+26-1H

Put k =1, then
-12+ 8

(adj A)B = Gt O Ij) not true.

H1+2-1H HH
Put k = 3, then (adj A)

- 36+
B= (36 - 36 8D= DSD# 0, true.
H-9+6-1H H4H

Hence, the required value of k is 3.

Alternate Method Condition for the
system of equations has no solution is

&:ﬁ#iﬂk-'—l: 8 z 4k
a b, ¢ k  k+3 3k-1
Take k+1= 8
k k+3
0 K+ 4k +3 =8k
0 K -4k+3=0
0 k-1)(k-3)=0
O k=13
If k =1, then 8 ¢£7 [false]
1+3 2
and k = 3, then §¢£ [true]
6 9-1
O k=3

Hence, only one value of k exists.

The system of given equations has no
solution, if

a 1 1

1 a 1/=0

1 1 «a

On applyingC, - C, + C, + C,, we get
a+2 1 1
a+2 o 1/=0
a+2 1 o

On applyingR, -~ R,- R,, R, -~ R, - R,,

1 1 1
(@+2)j0 a-1 0 |=0
0 0 a-1

31

32

33

34
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0 @+ 2)a-17*=0

0 a= 17 2

Buta = 1 makes given three equations
same. So, the system of equations has
infinite solution. Hence, answer is

a = -2 for which the system of
equations has no solution.

For consistency |A | = 0 and

(adj A)B =0

2 3
3 5/=0
5 a

N ==

0 1(Ba-25)-2(a-10)+3(5-6) =0

O a=8
On solving, (adj A)B = O, we get
b =15

Since, x — ky + z =0,

kx + 3y — kz =0and
3x + y — z = 0has trivial solution.

1 -k 1
O k 3 —k[#£0
3 1 -1

O 1(-3+k)+k(-k +3k)
+1(k-9)%0

0 k-3+2K +k-9%#0

0 2k +2k =12 #0

0 K+k-620

O (k+3)(k-2)%0

0 k#2,-3
kOR- {2;- 3}

Let A = g Zﬁsuch that A#1,-1

@ bg_0O 00
B di B 1
0d +bc ab+bd0_[1 00O
| L 07
Enc+cd bc+d*H H 1H
O bla+d)=0c(a+d) =0
and o +bc =1,bc +d* =1

] a=1d =-1,b =¢c =0or
a=-1d =1,b =¢ =0

and

o o0g
A= then
B -1

det(A)=-landtr(A)=1-1=0

Given system of linear equations are
2x, —2x, + x, = A,

O @2-MNx, —-2x,+x, =0 ...
2x, —3x, +2x, = X,

0 2x, -3+ A)x, +2x, =0 ... (i)

and -x, +2x, =Ax,

D —_
Since, the system has non-trivial
solution.

xt 2x; A5 O ...(iii)

2=\ -2 1
O 2 -B+A) 2|=o0
-1 2 -\
O (2-A)BA+A —4)+2(2\ +2)
+1(4-3-A) =0
O (2-AN)A*+3\ —4)+4(1 -\)
+(1-A)=0

O@-ANA+4)A\-1)+5(1-A)=0
g A-1D[2-ANA+ 4)-5=0
g A= DN+ 22 -3)=0
g A=-DA-DA+3)]=0
0 A-1fA+3)=0
O A= 1,1 3

35 Determinant of skew-symmetric matrix

of odd order is zero and of even order is
perfect square.

Also, det(A")=det(A)
and  det(-A)=(-1)"det(A)

Hence, Statement II is false.

SESSION 2

1 Given that,

1+dx (1+b*)x (1+c¢*)x
1+ d)x 1+b'x (1+c¢*)x
1+ d)x 1+b*)x 1+c’*x

flx)=

On applyingC, - C, + C, + C,, we get
1+ dx+x+b’x +x +c’x
f(x)=|x+ dx+1+b’x +x +c’°x

x+ dx+ x +b’x+1+c’x

1+ b*)x
1+ Db°x
1+ b*)x

(1+c*)x
(1+c*)x
1+ c’x
1+ (d +b* +c¢” +2)x (1 +b*)x
=|1+ (d +b* +¢* +2)x (1 + b*)x
1+ (@ +b* +¢” +2)x (1 + b*)x

(1+c?)x

(1+c?)x

1+c’x
1 (1+b)x (1+c*)x
=1 1+b’x (1+c)x
1 (1+b*)x 1+c’*x

[-d + b* +¢* = =2, given]

On applying
R, - R, - R,,R, - R, — R,, we get

0 0 x -1
=0 1-x x -1
1 1+b)x 1+c°x

0 x-1

1-x x-1

=(x -1)?

Hence, f(x)is of degree 2.
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2 Clearly, |adjA™|=|A™"|* =
‘ IAI
L 1
and |@djA™ )" |z ————
l@djA™)|
=|Af=2" =4
For non - trivial solution,
k-1 3k+1 2k
k-1 4k-2 k+3|=0

2 3k+1 3k-1)

O k=0o0r3
Now, when k = 0, then the equation
becomes
-x+y =0 (1)
-Xx-2y +3z =0 ..(ii)
and 2x+y-3z=0 (iii)

From (i), we get x = y = A (say), Then,
from Eq. (ii), we get
-A-2\+3z =0
O 3z =3\
z=A
g x:y:z=1:1:1

Clearly, x = 2* —1y—3 -1

L
and z:5 1

ssum to n terms of a GP is

o -

a(r" -1)0

r—-1 B

given by

2k-1 3-1 57 -1
Now,A=| 3 3 3
2k Sk 51<

2k 3¢ 5¢ 1 1 1

=13 3 3|-31 1 1

2k 3k 5¢ 2k 3k 5¢

=0-3x0=0
1+2x 1 1-x
Letp(x)=|2-x 2+x 3+x|=0

x 1+x 1-%

Clearly, product of roots
Constant term
Coefficient of x*
Here, constant term is given by
111
P0)=|2 2 3|=-1
011

and coefficient of x* is -2

O Product of roots is %
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-1 a a
6 Here,|b -1 b |=0
c c -1

On applying, C, - C, —C,and
C, - C,-C,, we get

-1 a+1 a+1

b —b+1) 0 =0

c 0 -(1+c)

On applying R, - Hil, R, -
a+1

and R, — i we get

c +

- 1 1

a+1
b

b+1

o+

c+1

1, b ¢ _

a+1 b+1 c¢c+1
1 1,1 ¢ _yg
b+1 c+1
1 n 1
b+1 c¢c+1

Then, X +Y-Z =1,X -
-X+Y+Z =1
Now, coefficient matrix is
01 1 -1
A= Bl -1 1 g
F1 1 18
Here, |A|# 0
O It has unique solution, viz., X =1,
Y=1and Z =1
Hence, x = *a;y = *band z = *c.
1 11
8 Here, A=|1 a 1
a b 1

Y+2Z =1,

=1(a-b)-101-a)+1(b -a)
-(a -1}

111

A =11 a 1

0b 1

=1(a-b) -

1) +1(b) =(a -1)

11 1
A,=11 11
a 0 1

1
and A, =|1
a

10

11

Fora=1
A=A =70 =47 =0

Forb =1only
X+Y+Z=1,X+y+Z:1
and x+y+z=0

(- RHS is not equal)
Hence, for no solution,b = 1 only.

i.e. no solution

Clearly,

det(M - 1) =det(M —1I)[det(M)

[-det(M) = 1]

=det(M - I)det(M")

[ det(AT) =
=detMM" -M")
=detI-M") [+MM" =1]
—det(M" -1)
—det(M" -1)"

= —det(M - 1)

O 2det(M -I)=0
O dettM-I)=0

det(A)]

Since, a,, a,, ..., a,, ...are in GP, then,

log a,, log a,,,,log a,,,, ...,

log a,,,, ..are in AP.
Given that,
log a,

log a,,, log a,,

A=|loga,, loga,, loga

n+5

log a,.,
a+2d
a+ 5d
a+ 8d

log a,,, log a,,,
a a+d
OA=|a+3d a+ 4d
a+6d a+7d
where a and d are the first term and
common difference of AP.
On applying R, — 2R,, we get

a a+d a+2d
A:12a+6d 2a + 8d 2a +10d
2 a+6d a+7d a+ 8d
On applying R, - R, — R,, we get
a a+d a+2d
A=1 a atd a+2d|=0
2a+6d a+7d a+8d

Let A = Then
% H

|A|= ad -bc =k (say)
and adj (A _od b0
“He aH
Now, |A+|A|adj(A)]|=0
atkd (1-kpb|_
(1-kx d+ka
O (a+ kd)(d + ka) -(1 —k}bc
O ad + d’k + kd* + kK*ad

—-(1+ k* —2k)bc

0 (ad —=bc)+ (ad =bc)k* +k(d +d*
+2bc)=0
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O (ad —bc)+ (ad —bc)k* + k(a* +d?*) 3 1+a+p 1 p p| 1 2a &
+2(ad - k)) =0 OA=|1+a+B 1+a*+p° =11 q q¢*|x[1 2b b*
[-bc = ad - k] 1+o* +pB*1+a’+p° 1 r | |1 2 ¢
0 (ad —bc)+ (ad —bc)k* 1+o"+p*
+k(a+df -2k* =0 1+a’+p° p P L a df
0 (k+ K —2k*)+ k(a +df =0 1+a*+p* =200 q q¢'|xp b b0
0 K(k-1f +(a+df] =0 1A +10+10 10 +1@ +1B rorl e ¢
0 k=1anda+d =0 =|10+a0+p0 10+ald +a B =224, x2A,) =2(8 x1) =16
Now, | A—| Aladj A| 10+10@° +1BR*10+a’ @ +B° B
la-kd (1+kp| la-d 2 10+ 10 + 1B 15 According to given conditions we get a
= A+ kp d-ak "l d-a 10+ o @ +p B? right angled triangle whose vertices are
= ~(a-df -4bc 10 +a* @ +p* B (n.r).(m.q)and (L. p).
= ~((a+df -4ad) - 4bc 11 11 1 1] 11 1f A, 1)
= 4ad - 4bc =4k =4 =1 a B|]1 a B|=]1 a B
12 On subtracting the given equation, we 1 o B*[[1 o® B*| |1 o B? 5

get . 4
; , ; ; On expanding, we get
p? _PzQ :Qs _QzP

o PP-Q=Q'Q-P)

A=(1-af 1 -BY @ -p*)

0 (P-Q)(P' + Q1) =0 - o et ot o s o
Now, if |[P*+Q*|#0 i
0o K=1 I m n
(P* + Q?*)is invertible . ] ] ]
On post multiply both sides by (1+ ap]'z a +bp]" C +cp]'z Also, we have, [A|=p ¢ 1
(P* + Q%) we get 14 LetA =|1+aq} (1 +bqf (1+cqf 1 1 1
(1+ar} (+br} (@+cry I p ol
P - (Q = 0, which is a contradiction. 1+ 2ap + ' p*1+ 2bp +b*p’ O]AP=|m q 1|= [Zar(AABC]]Z
Hence, |[P* + Q°|= 0 =|1+2aq + d'q® 1+ 2bq +b'q" noro1
3 1+f1) 1+ f(2) 1+ 2ar + d'r* 1+ 2br +b°r’ )
13 LetA ={1+ f(1) 1+ f(2) 1+ f(3) 1+ 2cp +c*p? :%x%x(ﬁ x4§:144
1+ f(2) 1+ f@B) 1+f(4) 1+2cq +c'q’
1+ 2cr +c*r?
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